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Abstract.

This paper is devoted to the derivation of realistic laws relating the distribution functions of reflected and incoming particles
at the wall. A polyatomic scattering kernel is derived using an integral operator formalism. Physically, a concept of partial
accommodation was employed in the kernel derivation in agreement with different accommodation processes of the three
momentum components and of the various energy modes.

1. INTRODUCTION

Realistic laws relating, at the wall, the distribution functions of incoming and reflected particles are needed as boundary
condition to resolve the Boltzmann equation [1, 2, 3, 4]. Moreover, in the moderately rarefied regime these laws also
allow to obtain more correct velocity slip and temperature jumps at the wall and to broaden the validity domain of
the continuum approaches. In this topic, a polyatomic kernel is derived here from spectral properties of its associated
integral operator using a well known scattering kernel formalism [5, 6, 3] The molecules are considered as provided
with internal structure involving rotational and vibrational modes and are possibly in a strong nonequilibrium state
concerning the vibrational degree of freedom.

The eigenvalues of the linear integral operator so considered depend on five parameters appearing in the kernel
expression. These five parameters are shown to be equal to the accommodation coefficients of various fluxes at the wall,
namely: the fluxes of the three components of momentum and the fluxes of rotational and vibrational energies of the
molecules. The kernel involves a part obtained in another papers about atom-like molecules [7] and so also allows the
modelling of anisotropic behaviors of reflecting surfaces. Finally, under its form completely developed the scattering
kernel appears as a linear combinatiorB8fpartial kernels describing all the possible associations of, respectively,
diffuse or specular processes (according to three directions) and elastic or inelastic processes (for the internal modes).
The 32 coefficients of this combination are related to 8&different eigenvalues of the integral operator, and depend
only on the five basic accommodation coefficients. As result, in addition to the interplay between the momentum
components included in the kernel of unstructured molecules, the polyatomic model also allows interplay between
the different energy modes. The introduction of such interplays could be a partial reply to recent criticisms recently
formulated about the scattering kernel formalism [8].

2. POLYATOMIC SCATTERING KERNEL DERIVATION.

We consider the problem of finding the scattering ke®@!’, E;./, Ey, i, V, Eir, Eiv, ir ) governing the reflection
of polyatomic molecules at the waN/’ is the velocity of the impinging gas patrticle referred to the wdll,=
V;,V’ €{Q =Q x Q) xQ, =R_ xR xR} andV the velocity of the reflected one referred to the wall,
8</X,Vy,vZ ) € {Q = 0Oy x Qy x Q, =R, xR x R}. These velocities reduce to the peculiar velocities when the
S|Ip velocity at the wall is neglectellr is defined a¥z = (—Vx, W, Vz). (X,¥, 2) are the three spatial coordinates with
the normal axis to the wall oriented from the wall toward the §gsandE;,, are respectively the rotational energy and

the vibrational energy of an incident particle at the wall. Simil&}yandE;, are respectively the rotational energy and
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the vibrational energy of a reflected particle at the wall. Then the subsgrigtd;, are the quantum numbers related
to the internal energy of a particle, hence they are integgprss the weight of the rotational degeneracy and will be
taken here equal t@ir + 1). The kerneB, which is the density of probability that a molecule in a stMEE;,/, E;,/)
hitting the wall at any poinX of the wall is reflected at the same pointin a stateE , Eiy, ), must satisfy the following
conditions of non-negativity, normalization, and of reciprocity [3, 1, 2]:

B(V/7Eir/7EivlvgiT’7V7 EiruEiV7giI’) 2 O I (1)

/QB(V/’ Eir',Eiv, 9, V, Eir ,Ev,0r)dv =1, 2

irjive

2
dl

<

|V>2|e_ C\% eigir,eigi\/, gir’ B(Vl7 Eir’: EiV/7V7 Eir 9 EiV) -
V]2

Ve G e frefvgy B(—V,Ey,Ey, V', E,Ev) 3

whereg;; andg;, are the dimensionless energies = kE—T';V , &y = kE—T"v'v , with k the Boltzmann constant afg, the wall
temperature.

2.1. Analytical derivation from integral operator
Let us write the transformation

1 =1
K(V,Eir,Eiv,0ir,V',Eirr, B, Girr) = [| Vi | fo(V',Eirr, Ei)]2[| Vx| fo(V,Eir,Eiv)] 2 4)
B(Vﬁ, Eir', Eiv, 9, V, Eir, Eiv,0ir)

wherefq(V, Eir, Eiv) is the local equilibrium distribution function at the temperatiiyeof the wall, defined by:

V2

n — 5" gir e &ir @ é&iv
fo(V. Eir P Eiv) = Chu 5
with
_ . a—&ir — —Eiv 2 _ 2kTW
QI’_ZgII’e ) Qv—%e ) Gy = m (6)

Sincefp is a known function the problem of findirgjis equivalent to findind<. The normalization condition and the
non-negativity conditions oB imply obviously the same conditions &n

Note .%, the set of the rotational energy statgs and.%, the set of the vibrational energy statgg. Consider the
five elementary Hilbert space of state¥ Qx )x—xy,z L?(-Z), andL?(.%,) of square summable functions with their
corresponding usual scalar product

< Px1, P2 >k = fQK Pk1(V)dk2(V)dy Pr1, Px2 € LZ(QK) , K=XY,2
< ¢r1, Pr2 >r = Si ¢r1(Eir)9r2(Eir) , Or1,Pr2 € Lz(f/\r)
<P, P2 > = YivPu(Bv)Pw2(Ev) , Pv1. b2 € L2(A)

Consider The tensor produft= L?(Qy) ® L2(Qy) ® L2(Q,) ® L?(.F;) ® L2(.%,) of the five Hilbert spaces of states.
let us remark that this tensor product of Hilbert spAdée dense in the Hilbert spac# = L?(Q) ® L?(.%) @ L2(.%&,)
where the scalar product is defined by

< ¢1,¢92 >= Z /Q¢1(V7 Eir,Ev)¢2(V,Eir,Ev)dv , 1,92 € . @)

iriv

972



Instead of studying the problem of the kerkglwe study the linear integral associated operatdefined onsZ by
A(l.U) / K(V ElrvEIV»gll‘vv E|r 7EIV’7gIr )W(V,inr’inv’:gir’)dV’ (8)
ir |v’

Assume that the operatdr has a purely discret spectrum, and assume that its eigenfunctions are all in the Hilbert
spacef. The kerneK can be written on the form:

0

K= z Ajy-dziriv Wix VO Wiy, (V) Wi, (V2) W, (Eir ) @5, (Biv) 9)

ixslysJzJr,Jjv=0
'-l’lx(VQwa(V)f)WJz(Vz/)'-l’lr (Eir')w]v(Eiv’)

where the functionsp, (Vi) gj, (W) ¢j,(V2) Wj, (Eir )Y}, (Eiv) are the eigenfunctions ok with their corresponding
eigenvaluesi;, . i, j..j,- According to the non-negativity and the normalization conditions, the eigenvalues must
satisfy Aj, jy.izjr.jv € [0,1] for all jx, jy, jz jr, jy € N . Moreover, one can see that, on the tensor product space
the scalar product (7) equals the scalar product defined on this tensor producEdpadtee product of the five
elementary scalar products (7). So, we can suppose that the eigenvalues have theXpimA; Aj, and that the set

of functionsy;, (My), jx € N, is a function basis of thg corresponding Hilbert spacg,= x,y,zr,v. Therefore, the

expression (9) can be written as a product of five infinite sums:

K= ZO/\JX wJX(MX)L»UJX( ) ’ Mx :Vx7Vy7V27 EiryEiv . (10)
xe{xyzrv} ]

Define o = Yo, Yo, Yo, Yo, Yo, by

o) = 22 Vi lE R, () = (Cuv/T) Fems

v Ly
o, (Vz) = (C‘N\F)Tezc‘” , Yo, (BEir) = \,/??T g ) Yo, (Bv) = e\/@ '

Let us prove thatlp, is an eigenfunction oh. Mathematically, the normalisation condition can be also written
Z /, B(_V7 Eir ) Ein Gir, _Vléz Eir/: Eiv’v gir’)dV’ =1 ) (11)
ir’,iv/
from this relation (11), the reciprocity relation (3) leads to:

Z / , | V)é | fO(V/7 Eir’a Eiv’)B(VF/b Eir’a Eiv’a gir’7V7 Eir s Eiwgir )d\/’ :‘ Vx ‘ fO(*Va Eir s Eiv) . (12)
ir’ v/

Using the relation (12), the calculation &{yn) gives A(Yp) = . Consequentlyo = Yo, Yo, Yo, Yo, Yo, is an
eigenfunction of the operatdrassociated to the eigenvallie

Now, following the five microscopic state parameters, let us introduce five parameters related to the eigenvalues as
follows: Ag, = 1, and forj # 0, Aj, = (1—ay) for all x = x,y,zr,v. The relation (10) becomes

K= T] [, Mo, (My)+(1—ay) > v, (M), (My)] (13)
XE{Xy.zrv} =1
which may be written
K= T1] [axWOX(Mx)'-POX(Mé()+(1—O’X)zOWjX(Mx)QUJ'X(M)/()] . (14)
xXe{xy,zrv} j=

Finally, using the following property

Z)WjX(Mx)LIIjX(MS() = 6(My —My) . (15)
j=
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whered is the dirac function, it is obtained

K = {axo, (Vi) o, (V) + (1 — ax) 0 (Vi — V) Hayto, (V) Yo, (Vy) + (1 — ay)d(Vy — Vy) } (16)
{azto, (V2) Yo, (Vy) + (1 — az)3(Vz —Vy) Har Yo, (Vo) Yo, (V) + (1 —ar)d(Vr —=V/) }
{avio, (M) Wo, (V) + (1 —ay) (M — Vi) }

Applying inversely the transformation (4), the operaBarorresponding to the kernkl above (relationshigl6)) is

N, W

B(V'.Eir/,Eiv/,Girr, V, Eir,Eiv, Gir ) = {(1— ax) 3 (Vy + V) +axazxe C‘%’} (17)
1 ¥ 1
{(1—0’y)5(V§_Vy)+0’yCW7ﬁTe Q?v}{(l—ay)é(vz/—vz)jtazme o}

{(1—oar)d(Eyp —Eir) + orr%e’£ir H@A—-ay)d(Ey — Ev) + orv%e*'fi"} .

In the further calculations, we will note the scattering kernel (17) simply
B — PxpszPr P\/

whereP,, R, P, B, R, corresponds respectively to the five factors of the expression (17). It would be seen that these
five factors satisfy

On the other hand when developing the expression (17) one obtains the Reaselombination 082 elementary
kernels where the coefficients are functions ofdfe

2.2. On the coefficientoy

In this section we prove that the five coefficierty involved in the scattering kernel equal respectively the
accommodation coefficients of the various fluxes of the five microscopic state pararivgtersk, W, V, Ei , Ey).
The accommodation coefficiefl of a physical propertiy, at the wall is defined through the relatior?[B

_ P %

e SO 19
P, — e (19)

Bx

where®, is the incoming flux at the wall of the properyy, (D} is the corresponding reflected flux, aﬂvg is the
reflected flux in the hypothetical situation of perfect accommodation to the wall. These various fluxes are written:

D= 3 [ mIVIMG £ (VB B g (20)
ir’iv/ Q
Px=2 /Qm|VX|MXf+(V’ Eir, Eiv, Gir )dv (21)
irjiv

wheref~ and f+ are respectively the incident and the reflected distribution functions linked by the relation
| V| fi*(V,Eir,Gir, Eiv) =
Z /Q’ | V)Z | f- (V/7 Eir'a Gir’, Eiv’)B(V/7 Eir’ » Gir’ s Eiv’av7 Eir , Qir Eiv)dV’ . (22)
ir’iv/
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Accounting for (22), the reflected flu®y, (expression (21))may be rewritten:
o= 3 / MUV | £ (Vs G B[S / My PR, PR R,y ]/ (23)
ir" v’ Qo iriv Q
and the reflected flux in the case of perfect accommodation is written

S :-Z//Q’m‘\/)é‘ f*(V/,Eir/,gir/,EiV/)[_z/QMXBedV]d\,/ (24)

iriv

whereB; the perfect accommodation scattering kernel is defined by

2g; g
Be = ¢Vxe Cov g firgfv (25)

Qr ch\j\l/n

2.2.1. calculation of3y

The normal accommodation coefficient is obtained by substitiMpg=| Vy | in the definition (19). In this case,
accounting for the property (18) and the expression of the partial op&atas obtained

VAL
2

z /;2 | VX | PxPszPr P\/d\/ - —(1— GX)V)E + ax
irjiv

then the expression (23) yields

- - CavmT
o @ =acy [ MMl VBB o) (4 Y
ir’iv/

The calculation ofp® leads easily to

Cwym
2

- = 5 [ MV (VB B (5 ) d
ir’iv/ -

Consequently we obtained from the relation (BR}= ax

2.2.2. calculation ofsy and 3,
The tangential accommodation coefficigBit,is obtained by substitutinil, = Vy in the definition relation (19). In
this case it is easily seen th<a§ = 0. Then accounting for the property (18) the calculation of expression (23) leads to
By = ay. Similarly it is found; = a..
2.2.3. calculation o3, and 3,

Now substituteM,, = g Ejr in the relation (19). Accounting for the property (18) it is obtained

Q

z / oir Eir PR PR R,dy = z OrErP = (1—ar)giErr + ar
itwv/Q T Qr

where we have noted

Q=3 giEre o .
r
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Then the expression @' leads to

Q*

cDEir —CD%r =ar / m|V |t (V/ Eir, Eiv/, Gir ) (Gir Eirr — a)dv’ :
ir |v/ r

Using the expression (25) &, we obtain

Qr

> [ orEiBedy = S

II’ [\

and then

*

P, — E|r Z / mVy| f~ (V' Eirr, Eivr, Girr ) (Gir Eirr — %)dv
ir v r

consequentlhyB; = a;. In the same way, substitutind, = Ej, it is found 3, = ay. In conclusion, the five parameters
ay involved in the scattering kernel (17) are the accommodation coefficient corresponding to the five state parameters,
namely the three momentum components and the two internal energy degrees.

3. CONCLUDING REMARKS

Under its factorized form (17), the proposed scattering kernel is easy to use in the analytical calculations or to
implement in numerical modelling, notably because of its simple factorized form where the incoming molecule
parameters appear only through Dirac functions. In order to show its physical meaning, the expression (17) may be
developed. Under its developed form, the scattering kernel appears as a linear combirgfielewfentary scattering
kernels. All these elementary kernels correspond to various situations of accommodation at the wall [7]. The linear
combination coefficients which represent the weight of the various types of accommodation in the reflection process
are combinations of the factors, and (1 — ay). In each elementary kernel each molecules states accommodates
independently from the others. So the new kernel allows to take into account the interplay between the molecule
freedom degrees when interacting at the wall [8]. Finally, the proposed scattering kernel appears as a complete
construction based on the five accommodation coefficients corresponding to the five microscopic parameters defining
the state of the molecules.
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